
Homology of CW-complexes

1. (Cellular chain complex)
Let X be a CW-complex and Xp, p-skeleton of X.
Consider (Xp, Xp−1, Xp−2).

l.e.s : · · · //Hp(X
p−1, Xp−2) //Hp(X

p, Xp−2) //Hp(X
p, Xp−1)

∂∗//Hp−1(X
p−1, Xp−2) // · · ·

Let Cp := Hp(X
p, Xp−1) and ∂ : Cp(X) → Cp−1(X) be the connecting homo-

morphism ∂∗ in the above l.e.s..
⇒ {Cp(X), ∂} is a chain complex and is called a cellular chain complex.

��������� Note

· · · //Hp(X
p, Xp−2) //Hp(X

p, Xp−1)
∂∗//Hp−1(X

p−1, Xp−2) // · · ·

· · · //Hp(X
p)

OO

//Hp(X
p, Xp−1)

=
OO

∂′∗ //Hp−1(X
p−1)

i∗
OO

// · · ·

(All homomorphisms are induced by inclusion maps)
⇒ ∂ = ∂∗ = i∗ ◦ ∂

′

∗

²²
(Xp+1, Xp) : · · · //Hp+1(Xp+1) //Hp+1(Xp+1, Xp)

∂′∗ //

∂∗
**UUUUUU Hp(Xp) //

i∗²²
· · ·

Hp(Xp, Xp−1)
∂′∗²²

∂∗

**VVVVV
VV

↓

(Xp−1, Xp−2) : · · · //Hp−1(Xp−1)

²²

i∗//Hp−1(Xp−1, Xp−2) //

**VVVVVVVVV Hp−2(Xp−2) //

²²

· · ·

.

..
· · · //Hp−2(Xp−2, Xp−3) //

²²

· · ·

(Xp, Xp−1) .
.
.

	
��
diagram ������� Hp(X

p+1, Xp)
∂∗→ Hp(X

p, Xp−1)
∂∗→ Hp−1(X

p−1, Xp−2) �� � ,

Cp+1(X)
∂
→ Cp(X)

∂
→ Cp−1(X) �� � ���� �! , diagram commutativity ��� �#"%$ ���

∂2 = ∂2∗ = 0 &('*)+-,. / 0213�4� �65879;:< =8>?A@CB . D BCE(B ��� {Cp(X), ∂}
,. / chain complex F BGH I @CB .

2. Xp =
∐

Dp
α ∪f X

p−1, f =
∐

ϕα|∂Dα , f̄ =
∐

ϕα. Then by the theorem of

homology of adjuction space, Hi(
∐

Dα,
∐

∂Dα)
f̄∗,∼=
→ Hi(X

p, Xp−1).
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Consequently,
{

Hi(X
p, Xp−1) = 0 i 6= p

Hp(X
p, Xp−1) ∼=

⊕

αHp(D
p
α, ∂D

p
α)�� � , Hp(X

p, Xp−1)
,. / free abelian group generated by {φα∗(γα)},

where Hp(Dα, ∂Dα) =< γα >∼= Z &(' @CB .
&(' 0213�JK L @CBNM� O diagram PQSR� TU�V W 5879�:< =8>?A@CB . X BCY $Z�

diagram ���[��� ∂ = i∗ ◦∂∗ &('@CB .
⊕

Hp(D
p
α, ∂Dα)
∼=f̄∗ ²²

∂∗//
⊕

Hp−1(S
p−1
α ) =

⊕

< σα >

f∗²²

Hp(X
p, Xp−1)

∂∗

// Hp−1(X
p−1)

i∗
// Hp−1(X

p−1, Xp−2) // · · ·

\^][_ '%������� ∂(f̄∗(γα)) = i∗f∗∂∗(γα) = i∗f∗(σα)
3.

Hp(X) Hp(X
p+1)

(1),∼=

incl∗oo (2),∼=

incl∗

//

=²²

Hp(X
p+1, Xp−2)

Hp(X
p+1, X−1(= ∅))

��������� (1)

(Xn+1, Xn) ⇒ · · · // Hp+1(X
n+1, Xn) // Hp(X

n) // Hp(X
n+1) // Hp(X

n+1, Xn) // · · ·

If p, p+ 1 < n+ 1, i.e., p < n, then Hp(X
n) ∼= Hp(X

n+1).

∴ Hp(X
p+1)

∼=
→ Hp(X

p+2)
∼=
→ Hp(X

p+3)
∼=
→ · · ·

Now consider i∗ : Hp(X
p+1)→ Hp(X).

i∗ is onto.
∀a ∈ Zp(X), |a| :support of a, is compact, hence |a| ⊂ XN for some N . And
the chain follows from the following commutative diagram.

Hp(X
p+1)

∼= ))TTTTTTTT
−→ Hp(X)(3 α = {a})

Hp(X
N )(3 α′ = {a})

44hhhhhhhhh
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i∗ is one-to-one.
i∗(β) = 0. Then i∗(β) =: β ′ = {b′} ⇒ b′ = ∂c, c ∈ Sp+1(X).
Furthermore, |c| is compact, hence |c| ⊂ XN for some N . And

Hp(X
p+1)

∼= ''NNN
NNN

→ Hp(X) β °

&&MMM
MMM

MM
i∗7→ β′ = 0

Hp(X
N)

88rrrrr

β
′′

= {∂c} = 0

.
77nnnnnnn

⇒ β = 0

(2) (Xp+1, X i, X i−1) R� TU�V W X BCY $Z`a b 7c JK L l.e.s. �� �6dfeg ,. / @CB .
· · · // Hp(X

i, X i−1) // Hp(X
p+1, X i−1) // Hp(X

p+1, X i) // Hp−1(X
i, X i−1) // · · ·

\^][_ '%�������ih(jkmlonp i 6= p, p − 1 q8r! 0tsuwv< �� � , i < p − 1
� 0tsuxv< Hp(X

i, X i−1) =
Hp−1(X

i, X i−1) = 0 &('y)+{zQ�R� Hp(X
p+1, X i−1) ∼= Hp(X

p+1, X i) F B GH I @CB . D B|E(B
��� Hp(X

p+1) = Hp(X
p+1, X−1) ∼= Hp(X

p+1, X0) ∼= · · · ∼= Hp(X
p+1, Xp−2) F B}�~u��(������� @CB .

4.

����N��� 1 Hp(C(X))
λ,∼=
→ Hp(X),∀p.

Furthermore, λ is natural, where Hp(C(X)) is homology of chain complex

{Cp, ∂} = {Hp(X
p, Xp−1), ∂∗}.

��������� Consider (Xp+1, Xp, Xp−1, Xp−2).

↓ ↓

0 // Hp+1(X
p+1, Xp)

²²

= //

∂ **UUUUUUU
Hp+1(X

p+1, Xp)

∂1²²
(Xp, Xp−1, Xp−2) : 0 // Hp(X

p, Xp−2)

♠²²

// Hp(X
p, Xp−1)

²²

∂0//

∂ **UUUUUUU
Hp−1(X

p−1, Xp−2) //

=²²

· · ·

(Xp+1, Xp−1, Xp−2) : 0 // Hp(X
p+1, Xp−2)

²²

// Hp(X
p+1, Xp−1)

²²

// Hp−1(X
p−1, Xp−2) // · · ·

0 0

(Xp+1, Xp, Xp−2) ↪→ (Xp+1, Xp, Xp−1)
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∂1

0

∂0

♠

v<��o�! 	
��
diagram PQSR�-TU�V W Hp(C(X)) = ker∂0/im∂1 =8>� 4� � � jk @CB . &('���� 	
��

����|�� PQSR�-TU�V W ker∂0/im∂1 ,. / M� O df�u &('�� ¢¡ ' GH I TU¤£¥ L , �� � Hp(X
p+1, Xp−2) q8r! 0213¦4� �5879¨§© D B|E(B ��� 3

� ª¬« M¯® ��� �°"%$ ��� Hp(X) q8r! 0213 &('��� ®�±�²u GH I @CB .
Remark
Let f : XCW → Y CW be a cellular map, i.e., f(Xp) ⊂ Y p,∀p. Then, f :
(Xp, Xp−i) → (Y p, Y p−i) and induces f∗ on various homology of pairs and
hence induces a chain map f∗ : C(X)→ C(Y ).
Since everything is functorial and natural

Hp(C(X))

f∗²²

λX
∼=

// Hp(X)

f∗²²

Hp(C(Y ))
∼=

λY

// Hp(Y )

commutes, i.e., λ is natural.

³µ´[¶� · ����N��� 2 Let X be an n-dimensional CW-complex. Then Hq(X) = 0, q > n.
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